In the present work we develop a theory of the LZ tunneling between the lowest bands of a periodic potential. Our approach reveals the role of modulational instability (MI) on the atom transfer between zones as well as the e ect of (partial) suppression of the MI by the lattice acceleration. Our consideration is based on the Gross-Pitaevskii equation, which in the two-zone approximation is reduced to the linearly coupled nonlinear Schrodinger equations iOtA =-(2mc)-10,2A, + /3A3-+ (V2x2/2)A, + (X,AIAa12 + XIA3-aI12)Aa, =1, 2.
(OL's) stimulated theoretical e orts to understand the phenomenon. The approaches, developed so far, are based on the assumption of smallness of the lattice potential in comparison with the recoil energy, and reduce the model to a dynamical problem with one degree of freedom. When the lattice potential is comparable with the recoil energy [1] the ne structure of Bloch states and spatial extension of the system become of crucial importance and lead to a model di erent from the from the ones presently known. Although the basic principles of the LZ tunneling are hosted in the linear band structure, the nonlinear interaction makes the phenomenon fundamentally different from the one known in solid state physics. In the presence of nonlinearity, the Bloch states can become unstable and localized states can appear in the gaps between bands (gap-solitons) which can dramatically a ect the atomic transfer rate. The stability properties constitute the main reason of asymmetry of the LZ tunneling.
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(1) for slowly varying amplitudes A, of the wavefunction (mc, are the e ective masses at the two adjacent band edges, the coe cients a3 and X are determined by the OL parameters, and as is a frequency of the trap).
System (1) leads to a number of conclusions: (a) In the presence of nonlinearity the LZ tunneling is an asymmetric e ect. (b) If, however, one considers the evolution of un-modulated Bloch waves then the inverse e ective masses do not appear and in a rather common situation when XI 1 X2, the LZ tunneling becomes symmetric. This case is explicitly treated analytically. (c) For :3 = 0, the number of particles .Vj = f JAj 2dx, is separately preserved (i.e. dAj/dt = 0 if y = 0) and LZ tunneling cannot occur in this case. On the contrary, for d3 7 0 one has the conservation of the total number of particles M = M1 + NV) and LZ tunneling occurs.
For numerical study of the phenomenon we de ne the rate characterizing tunneling as r(t) = V1/N and simulated the 2-state transition model of Eqs. (1) with parameters adapted to the experiments [1] . We examine the two main cases when initially atoms are distributed in the upper (stable) and lower (unstable) bands. In the rst case the numerical studies show that at early stages, one observes periodic particle transfer between two bands, re ecting the fact that the probabilities of direct and reciprocal tunneling are the same. However, after some critical time, the behavior of the system changes drastically: the amplitude of the tunneling rate oscillations decreases substantially, indicating that the system never returns back to the state where all atoms are condensed in only one band. The critical time is smaller for larger initial atomic populations (i.e. larger nonlinearity) of the second zone and increases, together with the frequency of the oscillations, with the OL acceleration. The averaged value of the transfer rate reached after the critical time, is found to be independent of the value of the nonlinearity, this being in agreement with the experimental results in [1] . The existence of a critical time for the onset of the MI may play an important role in experiments since the e ects of the nonlinearity in modifying the classical picture of the Landau-Zener tunneling will be more evident if tunneling rates are measured at times larger than the critical time
The case in which all atoms are initially in the lowest band, which is unstable, shows very di erent evolution picture which emerges from the MI of the Bloch states. All numerical ndings allow rather transparent physical interpretation. 
